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^ ! Abstract: In this paper we study some properties of bi-Hamiltonian deformations 

J^ . of Poisson pencils of hydrodynamic type. More specifically, we are interested in deter- 

CN . mining those structures of the fully deformed pencils that are inherited through the 

^ ■ interaction between structural properties of the dispersionless pencils (in particular 

t~^ ■ exactness or homogeneity) and suitable finiteness conditions on the central invariants 

(like polynomiality) . This approach enables us to gain some information about each 

term of the deformation to all orders in e. 

Concretely, we show that deformations of exact Poisson pencils of hydrodynamic 

rS ' type with polynomial central invariants can be put, via a Miura transformation, in 

H ' 
cd \ a special form, that provides us with a tool to map a fully deformed Poisson pencil 

with polynomial central invariants of a given degree to a fully deformed Poisson pencil 

with constant central invariants to all orders in e. In particular, this construction is 

applied to the so called r-KdV-CH hierarchy that encompasses all known examples 

with non-constant central invariants. 

As far as homogeneous Poisson pencils of hydrodynamic type is concerned, we 
prove that they can also be put in a special form, if the central invariants are homo- 
geneous polynomials. Through this we can compute the homogeneity degree about 
the tensorial component appearing in each order in e, namely the coefficient of the 
highest order derivative of the 5. 

MSC 2010: Primary: 37K10, Secondary: 53D45, 58H15, 53D17. 



1 Introduction 

Toward the end of the twentieth century, Dubrovin and Zhang constructed a general 
framework to tackle the classification problem for integrable PDEs, motivated in part 
by questions arising in the theory of Gromov-Witten invariants and topological field 
theory. One of the cornerstones of their approach is the analysis and classification of 
Poisson pencils of the form 

k+l 

n^A'' = ^l' + E ^' E 4)./^' ^- • • • ' m)s^'~'^'\^ - y) 

fc>l /=0 

-A Lf + E ^' E 4)^/^' ^- • • • ' m)^^'~'^'\^ - y)] (1-1) 

\ fc>l 1=0 / 

obtained via a bi-Hamiltonian deformation procedure from the dispersionless limit 



u^i - \w^ = ^g)^'(x ~y) + rj^2)fc?x'^(a; - y) - A i^g'([/ix - y) + r\\^,^q^6{x - y) 

a so called Poisson pencil of hydrodynamic type (here and in the subsequent Sections 
Einstein's convention about summed indices is enforced, unless stated otherwise). In 
their classification scheme, PDEs related via Miura transformations are considered 
equivalent, namely two pencils of the form (11. II) are declared equivalent if they are 
obtained one from the other via a Miura transformation: 

q' = F^{q) + J2 ^'Fk{q, q,, . . . , q^^)), det-f ^ 0, degF^ = k. (1.2) 



fc>i 



dq^ 



where, by definition deg (/(g)) = and deg(g(fc)) = k. According to the theory, as fur- 
ther developed by Dubrovin, Liu and Zhang, once two compatible Poisson structures 
of hydrodynamic type Ui and a;2 are chosen, equivalence classes of Poisson pencils 
are labelled by n functions called central invariants. This set of invariants arise in 
the study of certain cohomology groups, called bi-Hamiltonian cohomology groups 
associated to the Poisson bivectors cui and C(;2. In order to define these cohomology 
groups one has to consider a double differential complex on the Grasmann algebra 
of multivector fields on the formal loop space £(]R"). The two differentials of the 
complex, denoted by d^j-^ and duj2, are defined by 

d^, := [a;i,-]:A'=^A^-+i (1.3) 

d^, := [U2,-]:A'^A'^\ (1.4) 

where the square bracket is the Schouten bracket and A^' is the space of /c-vector 
fields. The Jacobi conditions 

[ui,UJi]=0, [UJ2,UJ2]=0 



in this framework read 

(f = 0, ^2 ^ Q_ 

Moreover due to the compatibihty of ui and U2'- 

[UJI,UJ2] = 0, 

that is the differentials d^j and d^^,^ anticommute. For much more information about 



these constructions see [T5] . 

Since the deformed pencil (11. ip is obtained from the pencil of hydrodynamic type 
via a complicated recursive procedure, in general it is very difficult to obtain infor- 
mation about the various orders of the deformation, and it is even more challenging 
to get insight about the complete deformed pencil at all orders in e. For instance, 
even the very existence of the deformation to all orders in e has not been completely 
established in all cases (the existence of the deformed hierarchy and of one of the cor- 
respoding Poisson brackets has been solved with some additional assumptions coming 
from Gromov- Witten theory in [HE]). 

The main contribution of our paper to this area is to look for those properties of 
the complete deformed pencil that are inherited through the interplay between special 
structural properties of the dispersionless limit (like being exact or homogeneous) 
and conditions on the central invariants (for instance a finiteness condition like being 
polynomial). This will enable us to prove some results for the deformed pencil to 
all orders in e and to get some specific pieces of information about the tensorial 
component appearing in each order in e (this component is just ^%)fc o(^' Ixy ■ ■ ■ y Q(i))y 
namely the coefficient of the highest order derivative of the 6). 

The key observation to implement this idea is to notice that, in general, those 
structural properties of the pencil ux of hydrodynamic type that have a counterpart 
at the level of the bi-differential complex, combined with suitable conditions on the 
central invariants, give rise to special structures in the deformed pencil, that are 
natural to call inherited structures. It is not possible to expect that these structures 
depend only on the dispersionless pencil, because the isomorphism class (with respect 
to Miura transformations) of the fully deformed pencil depends on the choice of central 
invariants. For instance, in the situation in which the pencil u\ is exact, the choice of 
constant central invariants make the fully deformed pencil exact (see [17] and Theorem 
|6]for a generalization). Without this suitable assumption on the central invariants, 
exactness does not carry over to the fully deformed pencil. 

In the present paper we will focus our attention to two cases, that appear to be 
particularly relevant due to their appearance in the framework of Frobenius manifolds 
and we will be mainly concerned with polynomial central invariants. 

The two cases are as follows: 



1. The Poisson pencil ux = U2 — Awi is exact. In this case there exists a vector 
field e (sometimes called Liouville vector field) such that 

LieeUJi = (1.5) 

Lieea;2 = Wi. (1.6) 

At the level of the double difi^erential complex the above properties imply 

LlBe du;i - d^^LlBe = (1.7) 

LlBe duj2 - d^^^^lBe = d^^. (1.8) 

Combining (II. 7p and (II. 8p one obtains immediately 

Lieerf^i du2 - duji d^jLiee = 0. (1.9) 

2. The Poisson pencil oj\ = U2 — Awi is homogeneous. In this case there exists a 
vector field E such that 

LieEUJi = {d-2)uji (1.10) 

Lie£;c<;2 = {d - l)u2. (l-H) 

The properties (11.101) and (11.111) imply 

Lie Ed^-, - d^-^LieE = {d - 2)d^^ (1-12) 

Lie Eduj^ — duj^LieE = (rf — l)(itJ2- (1-13) 

Combining (I1.12p and (I1.13P one gets 

Lie£;(i^, c?^2 - d^j d^2^ieE = {2d - 3)d^^ d^^. (1-14) 

As it was hinted above, part of the importance of these two cases stems from the fact 
that both instances arise in the theory of Frobenius manifolds. In this framework e is 
the unity vector field, E is the Euler vector field and d is the charge of the Frobenius 
manifold. More about this case will be presented in Section [2] and |6l 

The paper is organized as follows. In Section [2] we recall the main properties of 
the pencils of hydrodynamic type we will consider, namely those that are semisimple 
and bi-Hamiltonian. In particular, we present how the two structural properties of 
exactness and homogeneity appear at the level of the bi-differential complex and their 
relation with the theory of Frobenius manifolds. 

In Section [3] the definition of central invariants is recalled and worked out in 
some examples. In particular, we recall the case of the r-KdV-CH hierarchy since 
it includes all known cases with non constant central invariants, and we are going 



to apply some of our results to it. In Section |4] we briefly recall the notion of bi- 
Hamiltonian cohomology group, their significance in controlling the deformations of 
Poisson pencils and the fact that for a pencil like (ll.ip the deformation of cui can 
always be eliminated. 

In Section [5l we study those properties of the deformed pencil that are inherited 
from the exactness of the dispersionless limit, we work out some examples and we 
show how to apply our results to the case of the r-KdV-CH hierarchy with polyno- 
mial central invariants. We also show that deformations of exact Poisson pencils of 
hydrodynamic type with polynomial central invariants can be put, via a Miura trans- 
formation, in a special form, that we call normal form. In particular, this provides 
us with a tool to map a Poisson pencil with polynomial central invariants of a given 
degree to a Poisson pencil with constant central invariants to all orders in e. 

In Section [6] we study deformations of homogeneous Poisson pencils of hydrody- 
namic type. We call homogenous a deformation Px of a homogenous Poisson pencil 
of hydrodynamic type if its central invariants are homogenous functions of the same 
degree D in the canonical coordinates. In particular we prove that such a homoge- 
nous Poisson pencil Pa can be always reduced by a Miura transformation to a Poisson 
pencil Qx of the form 

oo 
k=l 

such that 

Liei^gf ^ = [{k + l)(d - 1) + kD]Q^^''\ fc = 1, 2, . . . 

where E is the Euler vector field. In particular, this allows us to predict exactly the 
homogeneity degree of the tensorial component in each term in e, prediction that we 
test on a nontrivial example. 

The short Section [7] provides some perspectives for future work. 

2 The dispersionless case 

Consider a semisimple bi-Hamiltonian structure of hydrodynamic type u''^ := U2 " 
Xui, where 

ool = 9''iq)AS'{x -y) + T%{q)q'jix -y), A = 1,2. 

This means that 

1. Each cu^ defines a Poisson bivector, which on the other hand, under the as- 
sumption det(5'^) 7^ is equivalent to g^^ being fiat and P^ ;, = —g^JT-'^ ^^^ where 
T\ij^ are the Christoffel symbols of gA,ij (see [S]). 



2. The Riemann tensor of the pencil g^^ = g2 — )^gi vanishes for any value of 
A and the Christoffel symbols F^;'^ of the pencil g^^ are TIL ^ — A^^^ ^ (this is 
equivalent to the two Poisson structures ui and Ci;2 being compatible and thus 
defining a bi-Hamiltonian structure, see [TT] ) 

3. The roots u^(g), . . . , u"(g) of the characteristic equation detg\ = det{g2 — \gi) = 
are functionally independent (this is the condition of gx being semisimple). 

Due to the fact that the bi-Hamiltonian structures we are dealing with are semisimple, 
we can re-express the quantities involved in term of the functions u^{q) which are called 
canonical coordinates. It can be proved that both metrics gi and g2 are in diagonal 
form using canonical coordinates [T8] : 

gl^ = r{u)6,,, g^ = u'r^5,,. (2.1) 

A special class of Poisson pencils ux is given by exact Poisson pencil. In this case 
we have the following theorems 

Theorem 1. J77| / A semisimple bi-Hamiltonian structure of hydrodynamic type is 
exact if and only if the functions f\u) in (12.11) satisfy the condition 

t^-O. ^^l,...,n (2.2) 

fe=l 

Moreover, in canonical coordinates all the components of the vector field e are equal 
to 1. 

How the fact that the Poisson pencil is exact translates at the level of cohomology 
operators is spelled out in the following: 

Theorem 2. Let rf^^ and d^^^ he the Poisson cohomology differentials associated to a 
semisiple exact Poisson pencil ujx- Then the relations (II. 7p and (II. 8p are satisfied. 

Proof: Let A be a /c-multivector. Then (Lieg o (i^J(A) = [e, [wi. A]], where [■, ■] 
denotes the Schouten-Nijenhuis bracket. By the graded Jacobi identity, the following 
identity holds: 

(-l)^-i[e, [a;i. A]] + [cui, [A,e]] + (-1)^-[A, [e^] = 0. 

Since LiegWi = 0, and [A,e] = (— l)'^[e,A], the graded Jacobi identity reduces to 
(-l)^-i[e, [wi. A]] + (-l)^'[a;i, [e. A]] = 0, which is exactly ([LTD. For (JTHD the proof is 
entirely analogous, just observe that in this case the term [e, U2] = uji and [A, ui] = 

(-l)2^1a;i,A]. ■ 
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Relation (11. 7p means that Liee is a rf^^j-chain map, so it descends to a map in the 
dij-^ Poisson cohomology, while equation fll.Sp intertwines the action of d^j and d^^ 
via Licg. In particular, it is immediate to see that ( Jl.Sp implies that Liee descends to 
a map at the level of the bi-Hamiltonian cohomology groups. It is also true that Lieg 
induces maps H*{di^^) to H*{d^J, however as such this is not interesting, since it is 
already known that H*{d^.) = i = 1,2. 

An other case we are going to deal with is a special case of homogeneous Poisson 
pencils defined by f ll.lOp and (11. lip . We will additionally assume that the pencil g\ 
is semisimple and that, in canonical coordinates, the Euler vector field E is given by 
the formula 

The motivation for this assumption comes from the theory of Frobenius manifolds. 
In such a context we have two fiat metrics gi and g2 satisfying the properties 

Lie^^^i^' = {d-2)g\^ (2.4) 

LieEgi^ = {d-l)gl (2.5) 

Moreover the contravariant components of the second metric, the so-called intersec- 
tion form, are given by 

9l' = gUuE' (2.6) 

where c^^ are the structure constants defining the Frobenius algebra on the tangent 
spaces. The special form of the Euler vector field in canonical coordinates follows 
immediately from the formula (12. 6p and the semisimplicity assumption. From (12. 4p 
and (12. 5p it follows that in canonical coordinates the contravariant components of the 
metric gi are homogeneous functions of degree d and the contravariant components 
of the metric g2 are homogenous functions of degree d + 1. We show now that the 
Poisson pencil associated to such metrics is homogeneous. Indeed: 



V 



IjIQE^I 

Vw^^ + Vm^^ - 2uj'' - 



V 



.^^(1, , 



{d - 2)gr 6'{x -y) + Yl ^'^< ^(^ -y)-J2 ^mk< K^ - y) 



(d-2) 



k 
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{d - 2) J- 



where, in the last identity, we used the fact that the Christoffel symbols ^^^^ are 
homogeneous functions of degree d — 1. Similarly using the fact that the Christoffel 
symbols r^^^ are homogeneous functions of degree d one obtains (11. lip . The identities 
f ll.l2p and f ll.lSp can be easily proved using graded Jacobi identity as in Theorem |2l 

3 Central invariants 

In the semisimple case [22] (that is if ux is semisimple) equivalence classes of equiv- 
alent Poisson pencil of the form (11. ip are labelled by n functional parameters called 
central invariants. More precisely two pencils having the same leading order are 
Miura equivalent if and only if they have the same central invariants. The problem 
of costructing a pencil for a given choice of the leading term ux and of the central 
invariants has been solved only in certain cases. In general, as observed in the In- 
troduction, even to prove the existence of the pencil is a non trivial problem. The 
central invariants are defined as 

Ci = -j7-iResx=u^TTg~^Ax (3.1) 

where the tensor A^^ is defined by 

^A = ^(A)2,0 + (dx )'fc^(A)l,0^{A)l,0- 

with 

Aij _ Aij _ \ Aij Aij _ AV _ \ AV 

^(A)2,0 ~ "^{2)2,0 "^^(1)2,0' ^(A)1,0 ~ ^{2)1,0 ^^{1)1,0- 

It turns out [221 Il2] that the central invariants Cj depend only on the canonical 
coordinates m* and are given by the following expression: 

1 / -.^^ ( P^^ — 11^ P^^\^\ 

c.M = 3(^ Q5- -"•<?;•+ E^jjp^. -I.-."- (3.2) 

where P^'-^, P2^ , Q*/, Qg^ are the components of the tensor fields Ag^p , Ag^Q ,y43Q , Agg 
in canonical coordinates. In particular, each central invariant Cj is a scalar function 
of only the canonical coordinate m*. 

Now we show how the definition of central invariants works in a couple of examples: 

AKNS. Let us consider the Poisson pencil 0J2 



eP!,''^ - 


— Xui with 


.6" 


-5"\ /o 6' 
/ U' 



where, to keep formulas short, we write S instead of 6{x — y) and 6' is derivative 
with respect to x. This is the Poisson pencil of the so-called AKNS (or two-boson) 
hierarchy. 

In this case 

f 2u v-X" 
\v — A —2 

After some computations we get Ax = j^^— and therefore, taking into account that 



u^ = V + a/-4m, u"^ = V - V-4:U. f^ = , /^ = , 

using formula (I3.ip we obtain 

c, = -^R-A^«^Tr,-% = -^Res....^ = -l 
c. = -^R«^A^«^Tr,,-% = -^Res....^ = -l 

Two component CH. Moving Pg from P2 to Pi in the Poisson pencil of the 
AKNS hierarchy one obtains the following Poisson pencil [161 



^'=[ UvS) -25' ) - ^ [5' + e6" ) ^^'^^ 

which is the Poisson pencil that identifies the so called CH2 hierarchy. The pencil 
gx and the canonical coordinates are the same as in the previous example, while 
Ax = -^^^ Using formula (13. ip we obtain 

It. rr. -1 . It. SA^ (u^f 

3/1 3/1 det^fA 12 

1 -1.1 2A2 (u2)2 

3/2 ^-" ^^ 3/2 ^-" det^A 12 

Both the above examples are special cases of the r-KdV-CH hierarchy. 

r-KdV-CH hierarchy. The r-KdV-CH hierarchy is an encompassing generaliza- 
tion of the Kortweg-de-Vries and Camassa-Holm hierarchies parameterized by r -|- 1 
constants. It has been introduced by Antonowicz and Fordy in [1] and [2] (see also 
[23]) and further studied by Chen, Liu and Zhang ([8]). It appears that the only 
known bi-Hamiltonian hierarchies with non-constant central invariants are special 
cases of the r-KdV-CH hierarchy. For details about the r-KdV-CH hierarchy we refer 
to [8], here we just focus our attention on its bi-Hamiltonian structure (it is actually 
multi-Hamiltonian) and how our results can be applied in this case. 

9 



Fix r + 1 constants (ao, ai, . . . , a^) G (M''''"^)*, so (oq, . . . , Or) 7^ (0, . . . , 0), and 
coordinates w^, . . . , u;^~^ on a manifold M, which is considered the target manifold for 
the loop space. The r-KdV-CH hierarchy is endowed with r + 1 mutually compatible 
Hamiltonian structures 

{P^r = rdV,+,+i-^, ^,j = 0,...,r-l, m = 0,...,r (3.5) 

where 



,2 

2 
and where furthermore 



Vi = 2w''d^, + wl- —ttidl, w'' := 1, w* = a^ := 0, for i < 0, i > r 



{1 I < m and k < m 
— 1 I > m and k > m 
in all other cases 

Among the mutually compatible Hamiltonian structures Pm, m = 0, . . . ,r, we focus 
our attention on two of them, say P^ and P/. Their dispersionless limit is given by 

Q'^ = PlUo = fl\'^^'^'^'~'d. + <^'^'~'). b = kj. 

To study the dispersionless bi-Hamiltonian structure {Qk,Qi) one introduces the fol- 
lowing coordinates. Consider the polynomial -P(A) = A'^' + w'^'~^X''~^ + ■ ■ ■ + w^. If 
its roots Aj are pairwise distinct, which is equivalent to P'{Xi) 7^ 0, then they can be 
used as a local system of coordinates, in place of w\ Let us remind that Chen, Liu 
and Zhang (see [8]) proved that in this case the bi-Hamiltonian structure {Qk,Qi) is 
semisimple and has canonical coordinates m* := (Aj)'~^, i = 1, . . . ,r and that in these 
coordinates, the associated metrics Qk gi have non-zero components given by 

\ 2l-k-2 \ 3l-2k~2 

9t = -'2ik-ir^^^, 9l = -'^ik-lf^^^^, z = l,...,r. 

Although the computation of the central invariants c*(m*) for the pair {Pk,Pi) has 
appeared in Chen, Liu and Zhang, for convenience of the reader and since this example 
will be worked out later we report here the details of such a computation. Given 
Pb = Qbiw) + e^{E{w)hdl + ...), b = k J as above, the i-th central invariant d which 
is just a function of the canonical coordinate m* is given by 

^ ^ 3(^-(«)fc)2 ^ ^ 

Equivalently, since m* = (Aj)'"'^, we can express (13. 6p as a function of Aj. Now 
^m(^) = -|/m«i+i+i-m and therefore 
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and using the definition of /^ tliis is equal to 

^„^(A) - -:^ 2^ afe+i+i„„— ^— - + :t 2^ afc+;+i_„,— ^— ^. (3.7) 



k,l=0 k.l=m 



Moreover, tlie following relation holds: 



Indeed, since P(A) = A^ + ty^-U^-^ + . . . + u;0 = nl=i(A - A^), we have 



(3i 






E(n(A-v)i:) 



Evaluating this last expression at A = Aj we get immediately Af = — Y\j-Li{\ — Xj)^:^ 

and so 

d\i _ Af 

Since P'(A) = ^^ (niy«(A ~ \) )) ^^ arrive at equation ( 13. Sp . Substituting ( 13. Sp 
into (13.71) we arrive at the expression 

11 /""""^ """"^ \ 

EmW = ~2(P'(X)V [ ^ K^ ak+i+i-m - Z^ K^ ttk+i+i-m 1 (3.9) 

\/C,t^^U nJ ,t — 777. / 



Defining the polynomial a(A) := oq + aiA + ■ ■ ■ + arX^, rearranging the sums in the 
right hand side of ( 13. 9p . it is not difficult to see that 

, Ara^A.) - mXr'a{X^) ,. . .. 

EM) = ^(P^l^f • ^3.10) 



Now observe that 



so since u* = (Aj) we get 



du^^ 



El{u) = ( ^ ) El{\), 



Ei^^iKin^)) = (/ - kn''-'-'' ^^"'^%,^^^ "^^' 



(3.11) 



To focus on the central invariants for the pair (P^, Pi) so let us assume / > k and 
use formula ( 13. 6 p to compute the central invariants; using ( 13. lip and the fact that 
M* = (Aj)'"''" we get: 

, , ^ Ef - Xt'EJ! ^ A^'a(A.) ^ (^-)^a((^-)^) 
^ ' 2,{g^Y 2A{k-l) 2A{k-l) ' 
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Let us remark that the central invariants c*(m*) for the compatible pair (P^, Pi) of the 
r-Kdv-CH hierarchy are rational functions of the canonical coordinates if and only if 
I = k + 1. It is immediate to check that the condition is sufficient. To show that it 
is necessary, observe that c*(m*) are rational if and only if n^'iTy+i G Z. If / = 1 then 
the condition is satisfied and k = 0. Otherwise, call q = l — k, l<q<r. Now if 
g > 2, then q"^^^ > |1— t| > |1— /| for2</<r, and this shows that the ratio we are 
dealing with can be integer if and only if g = 1, which means / = k + 1. Moreover, 
c*(u*) are polynomials in the canonical coordinates if and only ii k = 0,1 = 1. In 
the next few sections we will use the r-KdV-CH hierarchy as an example on which to 
illustrate some of our results. 



4 Bi-Hamiltonian cohomology 

For the sake of being reasonably self-contained and to fix notations, in this section 
we collect some definitions and results about (bi)-Hamiltonian cohomologies and the 
Dubrovin-Zhang complex (see [15] for full details and proofs). Let ghea fiat metric on 
M" and u be the associated Poisson bivector of hydrodynamic type. In analogy with 
the case of finite dimensional Poisson manifolds [21] one defines Poisson cohomology 
groups in the following way: 

where d^j := [w, ■] (the square brackets denote the Schouten brackets) and Aj^^ is the 
space of local j-multivectors on the loop space £(]R") (see [15] for more details on the 
definition of this complex). Since Af^^ has a natural decomposition in homogenous 
components which is preserved by d^j, we have 

H\CiW),u) = ©fcif^(£(M"), w). (4.2) 



For Poisson structures of hydrodynamic type, it has been proved in [20] (see also [10] 
for an independent proof of the cases n = 1, 2) that H'' {C{W^) , u) = for A; = 1, 2, ... . 
The vanishing of these cohomology groups implies that any deformation of a Poisson 
bivector of hydrodynamic type 

oo 

P^ = a; + ^e"P„, (4.3) 

n=l 

where Pk G A^_,_2 j^^ can be obtained from u by performing a Miura transformation. 

In order to study deformations of Poisson pencils of hydrodynamic type it is nec- 
essary to introduce bi-Hamiltonian cohomology groups [191 [13 [22] They are defined 
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as 

Ker [duj^d^o \a} 

Liu and Zhang showed that, in the semisimple case, 

and that the elements of 

Hl{CiW),ui,U2) 

have representatives of the form 



''^ilAO_^^„^ 



'^'i: 



j=i 



c\u')ulloguldx] -d, [J2 j n'c\u^)ul 



logM^. dx 



(4.4) 



where c*(u*) are the central invariants introduced in the previous section. More ex- 
plicitly, the components of these vector fields, in canonical coordinates, are given 
by 



A- = Y. 



5i^dJ' + A'^ c^ui + i2S,,f - U^)d,{c^ui 



with 



U^ = 
We will use these facts later. 



1 ffiQp . pop 



-Ut — 



u^ 



2 \fi du^ "" fduJ 
2''^ ^ 2p du' 



i = l,...,n. (4.5) 

(4.6) 
(4.7) 



5 Deformations of exact Poisson pencil of hydro- 
dynamic type 

In this section we study deformations of exact Poisson pencil of hydrodynamic type. 
In the case of costant central invariants we have the following theorem [17] . 



Theorem 3. Suppose we are given a Poisson pencil 

oo 



2fc p(2fe) 



fc=l 



k=l 



(5.1) 



whose e = limit u)\ = u)2 — Awi is an exact semisimple bi-Hamiltonian structure of 
hydrodynamic type. Then the central invariants of Ux are constant functions of the 
canonical coordinates if and only if Il\ is an exact Poisson pencil. 
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In particular in the proof of Theorem [3l it is shown that there exists a Miura 
transformation reducing the Poisson pencil 11^ ( 15. ip to the form 



oo oo 

^2fe p{2fc) _ ^ , , "VT^ .2fe p(2fc) 



n. = c, + 5^ e^^P^''^ = ^2 + E e^'Pt^ - Xuj, (5.2) 

fc=i fc=i 

and there exists a Miura transformation preserving oJi and reducing the vector field 
Z involved in the exactness of IIa to e = X]fc=i affc • I^ ^^^'^ system of coordinates, 
the exactness of the pencil uj\ is expressed as Liee-P2 = ^i and LieeWi = 0, where 

p ,, I \^°° _2fcp(2fc) 

Let us also recall that all the terms Pg i^ (15. 2p are co-boundaries of Wi, so 
they can be written as Lie derivatives of ui with respect to certain vector fields. In 
particular, the first term in the deformation of 11;^, namely Pg can always be chosen 
to be 

Pf ^ = Liexwi (5.3) 

where the vector field X has components X^ in canonical coordinates given by ( 14. 5p . 
We say that the first order term in e in the deformation of IIa, namely Pg is in 
standard form if it is chosen as (15.31) . 

Moreover, the vector field X explicitly written as a vector field on the loop mani- 
fold £(M") is given by 

i=l ,>o ^"(^) 

At this point we can prove the following, which generalizes the conditions about 
the constancy of the central invariants proved in |17j : 

Proposition 4. Let IIa be a hi-Hamiltonian structure as in (15. 2p whose dispersionless 
limit u\ is an exact semisimple hi-Hamiltonian structure of hydrodynamic type and 
with P2 in standard form. Then 

T^^i=i,...,ndegCi{u) =1 (5.4) 

if and only if the following conditions are satisfied: 

Liel+^Pf ^ = 0, Lie^Pf ^ ^ 0. (5.5) 

Proof: First we prove that (15. 4p implies (15. 5p . Using the formulas provided in 
[DZ] to compute LieeXci,...,c„, where Xcj,...,c„ is given in ( 14. 5p . we find 

" dX^ 
(Lie,X,,...,,J^ = [e,X,,...,J^ = 5^ ^-■•- 



h=l 
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e 



Call De the differential operator Y12=i '^ acting on the components X* given by 
the formula (14. 5p . Since by the exactness of the pencil ux we have that D^if^) = 
( (I2.2P ). it is immediate to check that similarly Dei^A^^) = De{L^^) = 0. Moreover, D, 
and dx commute, therefore when D^ acts on X^ is just acting on the central invariants 
d{u). This reasoning can be repeated for any iteration of the Lie derivative Liee; in 
particular the i-th. component of the k-th iterated Lie derivative [Lieg(X)]* is just 
given by the action of the differential operator D^ on X*. So using the notation just 
introduced, we have that 

[Lie%,,...,e„]* = X'^l^,,)_Di{c„y 

Therefore, using fll.7p . we obtain 



LiCgPa — LiegrfajiXci,...,c„ — c?i^iLiegXci,...,c„ — d^i^Di{ci),...,Di{cn) ¥" 

Lieg -P2 = Lieg d^^Xc^^,„^cr, = d^Me^ ^ci,...,c„ = '^cji-^Di+i{ci),...,Di+i(c„) = 0- 

Now if fl5.4D is satisfied, then Di+^fc,) = 0, Vz and at least one of the functions Diid 



does not vanish. The theorem follows from the observation that kernel of the map 

(/i, • • • , /n) ^ ^/i,...,/n is trivial. ■ 

The next Theorem provides a first example on how it is possible to transfer infor- 
mation from Pg ^o ^^ orders in e, if certain conditions are fulfilled. 

Theorem 5. Let Ha = cja + XlfcLi ^^^^-^2 ^^ ^■^ ^'^ (15. 2p . where cox is an exact 

(2) 
semisimple bi-Hamiltonian structure of hydrodynamic type and with P2 in standard 

form. Call P2 := U2 + T.T=i ^^'' ^2'^''^ ■ V Lie^Pf ''^ = for k = 1, . . . , N and if 

Lieg~^P2 is a Poisson tensor for some n > 1, n integer, then there exists a Miura 

transformation 



N 



1 

k= 


^ 2k p(2fc) 

=1 


^flx = ujx + 

Li,np(2A.+2) 


fe=l 

= 0. 


,2fcp(2fc) 


+ 


1: 

k=N+l 


2k p{2k) 



LIa = wa 
with 



Before proving Theorem 0, let us observe the following. The condition that 
Lieg~^P2 is a Poisson tensor, in general, is not preserved by a Miura transforma- 
tion. This means that we cannot extend the result to higher order deformations. In 
Theorem [5|, for n = 1 the extra requirement about Lieg~^P2 being Poisson is auto- 
matically satisfied and is preserved by arbitrary Miura transformations (P2 is indeed 
a Poisson tensor). In this form the Theorem has been proved in [T7j and it states 
that if the central invariants are constants, then the entire pencil IIa is exact, and 
not just its dispersionless limit. For n 7^ 1 in order extend the theorem at any order 

15 



we need to require, at each step, the additional assumption that Lie^~^P2 is Poisson. 
This is in general difficult to satisfy, although it is exactly what happens, for n = 2, 
in the case of the single component Camassa-Holm equation (see next example). 

We will see later in Theorem [6] that it is possible to drop any additional condition 
on P2 increasing as a function of k the number of iterations of LiCg acting on P2 . 

Proof: Assume Lie;!Pf ''^ = 0, for A; = 1, . . . , A^. Than we show that Lie^Pf ^+^^ = 
0, where -Pg is obtained from P2 using a suitable Miura transformation. By 

assumption Lie"~^P2 is Poisson, which means [Lieg~^P2, Lieg~^P2] = or equivalently 

ci.,Lier^Pf +') = -^ E [Lier ^Pr\ Lie^-^Pf -^'+^)] , IeK (5.6) 

fc=i 

Taking (15. 6p for I = N and applying LiCe on both sides, we get 

Lieerf.,Lier^Pr+^) = -^^^Lie, ( [lier ^P^^, Lier^Pf ^-^'^^^^j ) . 



fc=i 



By (II. 7p . (II. 8p and the fact that di^^P2 = this last expression is equal to 



(2fc) 



1 ^ 

-y 

fc=i 



ci^^Lie^P 



Lie"Pr\Lieripi'^-''=+') 



{2N+2) 



+ 



Lier ^Pf), Lie^Pf ^-''+') 



0. 



Moreover, by (ll.7p it is immediate to see that (i^^LiegP2 =0. The fact that 

LiegPn is a cocycle for duj, and d^^ means that LiegPo = Liey(2N+2)Ui for a 

suitable vector field X2 satisfying (i^-^(i^2(^2 ) — 0- Due to the triviality of 

if|^_,_2(>C(ffi"), Wi, W2) we have 

y{2N+2) _ , tt{2N+2) , T^{2N+2) 

y\.2 — '-''U\J^2 ' ^uJ2 2 5 

for suitable functionals H2 and K2 with densities that are differential poly- 

nomials. Now suppose to look for a functional K2 such that Lie" A'g — 

K2 ■ This equation with unknown K2 can always be solved and indeed it 

admits infinitely many solutions (see [IZj). Consider now the Miura transformation 
generated by the vector field e^^^'^d^^^K2 ■ This transformation preserves Ui since 

this vector field is a coboundary of Wi, while P2 is changed in such a way that: 

n, ^ n, = a;, + e^pf ) + ■ ■ ■ + 6^^+^ [p?""^'^ + Lie,^^^,..+.,a;2) + 0(6^^+^). 

Therefore P2 (-^2 + Lie , f^(2N+2)UJ2 )• Now it is immediate to check that 

LiegP2 = 0. Indeed, we have that 

Li,np(2A.+2) ^ Lie^Pf ^-^^) + LKd^^d^M""^'^ = Lie^Pf ^+^) + rf.,rf.,i^r+^\ 

16 



due to (O), dLHD and Ue'^k^^^^^'^ = Kf^^^\ Moreover, 

J J r^(2Af+2) , , jA2N+2) y . y . n 0(2^^+2) 

^2 

and thus Lie^pf ^+^^ = 0. ■ 

Camassa-Holm Consider the Poisson pencil of the Camassa-Holm equation [6]: 

2m6'{x — y) + mx5{x — y) — \{5\x — y) — S"'{x — y)). 
In the coordinate u related to m by the relation m = u + eu^ this pencil becomes 

2u5\x — y) + UxS{x — y) — X5\x — y) + P2 
with 

n=l 

+ Y^ e'"""' (^- h5(2"+i)(a; - 2/)] - 52"+i [u5\x - y)]) . 

n=l 

It is easy to check that it satisfy the conditions. 

LieeWi = (5.7) 

LieeCo'2 = oJi (5.8) 

Lie^pf = 0, (5.9) 

and moreover LieeP2 is Poisson, since LieeP2 is a pencil with constant coefficients 
which is skew-symmetric. 

Two component CH In general the requirement that Lieg~^P2 is a Poisson tensor 
seems very restrictive. Let us consider for instance the Poisson pencil (13.41) . Perform- 
ing the Miura transformation 

u = e 

it becomes 

p ^ , (2^5. + QS iv + ev.) Er=o ^''5(^+i)\ _ (0 6' 

(5.10) 
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The first order deformation can be written as 



wfiere 



-r]6"-r]J' '''''[ d,{v6) -26' 



H = - I H^dx. 

,1 12 




Tliis means that the Miura transformation generated by the vector field X (up to 
terms of order 0{e^)) reduces the pencil Pa to the form Px = 




r]6"' + 7] J" ) , Ilj 2 f (2^5. + QS r]6' 

r]6"' + 27]J" + r]xJ' -25'" ) 2 ''''' \ d,{7]6) -26' 

Since the dispersionless limit of the above pencil coincides with the dispersionless limit 
of the pencil of the AKNS hierarchy, we have LiezC02 = ^i, Lie^Wi = with Z = -^. 
Moreover it is easy to check that Lie^Pg — '^^^ ^'^ ^^e quadratic dependence of 
the central invariants on the canonical coordinates. It is also possible to check that 
the condition LielPg is no longer satisfied by higher order deformations (n > 2) due 
to the presence of terms as r/"5("+i). 

The above example shows that in some cases the assumption Lie^Pg = is satisfied 
while the condition Lieg~^P2 being Poisson is violated. In the remaining part of this 
section we will discuss what can be said without this last condition. 
We have the following 

Theorem 6. Let lix = tux + YlT=i^'^''^2 ^^ ^^ ^^ (15. 2p . where cox is an exact 

(2) 

semisimple bi-Hamiltonian structure of hydrodynamic type and with P2 in standard 
form. Call P2 '■= UJ2 + YlT=i^'^''^2 ■ Suppose that Lie^Pg = 0, for some positive 
integer n. Then there exists a Miura transformation that preserves uji and deforms 
P2 to P2 = co2 + Er=i ^'"P^^ ^^ih 

Uef-'^+^P^^''^ = 0, k = l,2,.... 

Proof: For k = 1 there is nothing to prove, since this is the hypothesis of the 
Theorem. By inductive hypothesis we assume to have proved that we can construct 
at each step Miura transformations such that Lieg"~'^'''^P2 = for k = 1, . . . , N. 
(We call again the transformed components P2 although they have been obtained 
applying Miura transformations.) At the next step, we have Lie^ +i)(n-i)+ip^v _^ 



and we have to show that we can find a Miura transformation preserving uji such 
that the transformed term pf ^+2) satisfies Lie^^+^^^^-^^+^Pf ^+^^ = 0. 

First we show d^^^^Lie), +^)("~i)+ip2^ •') = 0. This is immediate since Lieg com- 

{2k) 

mutes with d^^-^ and each P2 is a co-boundary of uji due to compatibihty. Next 
we show di^^{Lie'^^^'^'^~^'^^ P2 ) = 0. Using fll.Sp and the co-boundary property, 

we have that rf^,(Lief ^^^("-i^+^Pf ^+')) = Lief +^)("-^)+i(rf^,Pf ^+')). By the fact 
that P, is Poisson, we have rf.,Pi'^+') = -| Ef=i[A^''^ ^f ^"""'^'"^ 



2 



It is therefore sufficient to show that Liei^+^)("^^)+^[Pf ''^ Pi^^^^''^^"] = 0. For 
this, let us observe that 



(Af+l)(n-l)+l[p(2fc) p(2(Af-fc+l)) 
(Ar+l)(n."l)+l 



Lief+^^^"-^^+^[Pr%A 



^ (\N + l)(n - 1) + 1\ [Lie.p(2.)^ Lie(^+i)(n-i)+i-,p(2(Ar-.+i))j^ 
i=o V ^ / 

By inductive hypothesis, Lie;^P2 = for j > /en — A; + 1, while 

l^^Q{N+l)(n^l)+l~j p{2{N~k+l)) ^ Q 



2 



for (iV + l)(n-l) + l-j > {N -k + l)n-{N -k + l) + l or equivalently for j < kn-k. 
Therefore each term is zero and we have proved that d^^^{\jie)!^^^'^^ ''^^ P2 ) = 0. 

Let us denote with a := (A^+l)(n-l) + l. Since rf^,Lie;fPf^+^^ = 0, Lie^Pf ^+^^ = 
d^,X(2^+2), for a suitable vector field X(2^+2). Moreover, since ^.^^Lie^Pf ^+^^ = 
the vector field X*^^^"*"^^ defines a class in the bi-Hamiltonian cohomology group, which 
in this degree is however trivial. Thus X*^^^"*"^^ = d^^^Hl^ + d^^^K^^ , for suit- 

able local functional ijf ^+^^ and Kf^^'^\ Since Lie^fPf ^+^^ = d^,X^'^^+'^\ we also 
have 

Lie^Pr^^) = d.,ci.,irr^^\ (5.11) 

To construct the Miura transformation we are looking for, we proceed as follows. 
Given the functional K2 , we can always find another functional K2 such that 

Lie" -ft'g = K2 ■ Indeed, it has been proved in [T7j that the equation Lieg-R'i = 

K2 is always solvable given K2 , and therefore, repeating with Lieeii'2 = -^i? 

etc. one gets that there exists a local functional K2 with Lie"i^2 — ^2 

Now we consider the Miura transformation generated by the vector field e'^^~^'^di^^K2 
Since this is a co-boundary of d^-^ , ui is undeformed, while 

N 

P2^P2 = U2 + Y^e''Pi''^ + ,2N+2^pi2N+2y^ ^ ©(e^^^^^)), 
fc=l 

where 

p(2iV+2) _ p(27V+2) J. 
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Therefore 



the first term by equation ( 15.111) and the second due to the fact that Lie" commutes 
Proposition H] and theorem [6] can be summarized in the following theorem 



with di^^duj^ 



Theorem 7. Let Ux a Poisson pencil with polynomial central invariants of maximal 
degree n — \ and suppose that its dispersionless limit uj\ is exact. Then there exists a 
Miura transformation reducing the pencil to the form 11^ = Wa + ^^Li ^^^P2 with 



Lignfc-fc+ip^(2fc) _ Q^ A; = 1,2,.... 



In view of Theorem [7] we introduce the following 

Definition 8. Let uji and uj2 a pair of exact Poisson structures with LieeW2 = ^i o-nd 
LieeWi = 0. Consider the compatible pencil Ui and P2 ■= UJ2 + Xlfc^i ^^'^-^2^'^' with P2 



(2) 

in standard form and LiegP2 — 0- Then the pair {ijJi,P2) is said to be in normal 
form z/Lief "'^+^Pf''^ = for all keN. 

Theorem [7] can be reformulated by saying that any Poisson pencil IIa with poly- 
nomial central invariants whose dispersionless limit is an exact Poisson pencil of hy- 
drodynamic type can be put in normal form via a sequence of Miura transformations. 

Using these tools we can map a Poisson pencil with central invariants that are 
polynomials of degree n — 1 to a pencil with constant central invariants. This map is 
somehow mysterious since at this point we do not have an interpretation of it in terms 
of known transformations, like a combination of Miura and reciprocal transformations. 

Theorem 9. Let {uj2,uji) be an exact bi-Hamiltonian structure with respect to the 
Liouville vector field e (LieeU}2 = wi, LieeCi;i = 0), such that ui and P2 = 002 + 
'^'kLi ^^^P2 ^'^^ compatible Poisson structures. Furthermore, assume Lie" Pg = 
0, Lie"" Pj 7^ and that the pair {uji,P2) is in normal form. Then the pair of 
compatible Poisson structures ui and Q2 := UJ2 + X]fc=i Q2 ' where 



Q 



T ■nk-kp{2k) 

(2k) ._ Lie^ P2 



'' ■ [k{n-l)]\ 
has constant central invariants and it is also again in normal form. 

Proof: First of all, we notice that LieeQ2 = 0, so by [T7] the pair uji and Q2 has 
constant central invariants. Now it remains to prove that the pair Ui and Q2 is a pair 
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of compatible Poisson structures. The compatibility of Q2 with ui is immediate, we 
need to prove that Q2 is Poisson. For this we show that 



N 



d..Qr^'' 



fc=i 



Y.W'^Q 



(2k) ^(2{N-k+l)) 
2 



(5.12) 



Substituting everywhere in f l5.12p the expression for Q2 = Lie"^ 'P2 ^^ fi^<i 

N 



,{Ar-fc+l)(n-l) p{2{Af-fc+l)) 



fc=i 



Since each Pj is a (ij^^ co-boundary, we have we that d^^lAe), '^^'^'^ P2 is 

equal to Liei^+^^^^-^^t/^^^f ^^+^^\ Since P2 is Poisson, we have 



N 



Ue^N+l)in-l)^^^pi2iN+l)) ^ Lief +l)(n-l) _i^ p^(2fc)^p^ 



fc=l 



,(2(Ar-fc+l))' 



(5.13) 



On the other hand 

Lie(^+i)(-i) 

(Af+l)(n-l) 



p(2fc) (2(N^k+l)) 
-'2 ? -'2 



E 



(iV+l)(n-l) 
J 



Lie^,Pf'=\Lief+^)("-i)-^Pf(^-'=+^» 



(5.14) 



and since (cji , P2) is in normal form, we have that LiegP2 = for j > nk — k + 1 and 
Lief +^)("-i)-^Pf ^^"^+'^^ = for (Ar + l)(n- 1) - J > n(iV- A; + 1) - (iV- A; + 1) + 1 
or equivalently for j < nk — k — 1. Therefore, the only surviving term in the sum on 
the right hand side of equation (15.141) corresponds to j = nk — k. Thus we have 



Lief+i)(-i) 



p(2fc) (2(7V-fc+l)) 
-'2 ' -'2 



(iV + l)(n-l) 
k{n- 1) 



l^l^nk-k p{2k) j^.^(Ar_fe+i)(„_i)p(2(7V-A.-+l))' 



2 5 -^^^e 



(5.15) 



Substituting (I5.15P in the right hand side of (15.131) we get 

Lief +i)(-i)rf,^ p(2(^+i)) = 



N 



- E 



fc=i 



^2-" 2 

{N + l){n-l) 
k{n- 1) 



Ljgnfc~fcp{2fe) j^.^(Ar_fc+l)(n-l)p(2(Af-fc+l))' 



2 5 -^^^e 



,(5.16) 



or 



4 



'Lig(A^+l)("-l)p(2(^'+l))' 

[(iV+l)(^-l)]! 



AT 

E 

k=l 



Ljgnfc-fcp{2fc) j^.^(Af_fc+i)(„_i)p(2(7V-fc+l)) 



[A;(r2-1)]! ' [{N + I - k){n - l)]\ 



(5.17) 
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that is 



, ^(2{JV+l)) 
"-1^2 V 2 



AT 



fc=i 



This proves that Q2 is indeed Poisson and thus we have transformed a pencil in 
normal form (wi, P2) with central invariants of order n — 1 to a pencil (wi, Q2) with 
constant central invariants. Notice also that {(jJi,Q2) is still in normal form: in this 



case LieeQ2 — ^"^^ ^Iso LiegQ 



(2k) 
2 



0, as it is immediate to check. 



The case of r-KdV-CH hierarchy As an application of the previous Theorem, 
let us study how LiCg acts on the r-KdV-CH hierarchy. We will use the notation 
introduced in Section 3. We will show the following 

Proposition 10. In the case k = 0, I = 1, i.e. in the case in which the central 
invariants are polynomials of degree r parametrized by (ag , • • • , Cir); LiCg acts on 
the r-KdV-CH hierarchy, mapping the system with parameters {qq , . . . , a^,) to the 
one with parameters (a^ , , ... , 0) . 

Proof: We fix our attention to the bi-Hamiltonian structure {Pk,Pi), where k 
and / are general for the moment. First, in Aj coordinates, we normalize Pk up to the 
order O(e^), eliminating with a Miura transformation the term in e^. In particular, 
looking the leading term in derivatives oi 6{x — y) in e^, one can use as an ansatz for 
the vector field Z generating the Miura transformation 

Z^ = e2(6XA)V, + ...) + 0(e^). 

Now it is immediate to see that 

UezPi: = -e'[b\\)gtS'^'\x-y) + ...]. 

Since we want to normalize P^-' up to O(e^), we have that we have to impose 

'X^a'{Xi)-kXt'a{X,] 



L\ezPi: = -e'{E^iX} + ...) = -e' 



2{n\^)y 



6'^^\x-y) + .... 



Since g^j^ 



aA? 



^'(A,) 



one gets 



H^i 



a'{X,)-ka{X,)/X, 
4P'(A,) 



In this way, we eliminate the term in e^ from Pk. Now the same Miura transformation 
applied to Pi is computed as follows. Using the formula for Lie derivatives one finds: 



LiezPt 



{b,{X.)gf6^'){x-y) + ...) 
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and substituting the expression for bi{\i) computed above and the expression for (7" 

we find 

r- pii ^2\ a'{X,)-ka{X.)/Xi 2X\ 

Therefore P/* is mapped to 



^nh^^'\^-y) + --- 



Pi^^{gf5^'){x-y)+...)+e' 



AP'{Xi) P'iXi) 

a'iX,)-kaiX,)/X, 2X\ 



E\\X) 



4P'(A,) P'(A,) 



5'^^\x-y) + .. 



so the term in e^ in P/* is reduced to 



{k - l)X[~'a{X,) 
2(P'(A.))2 



5^^\x -y) + ... 



dgl' 



Now we speciahze to k = 0, so that the exactness condition Ylh a^ = ? ^ = 
0, . . . , r — 1 holds, and furthermore we assume / = 1 so that the central invariants are 
polynomials of degree r. Now observe that in the case k = 0, I = 1, the canonical 
coordinates m* = A,, so the vector field e = ^^ ^ = J2h af~- ^^^ ^^ observe also 
that ^^ ^P'(Aj) = 0. Taking into account these two facts and applying ^Lie^ to 
the term e^ in P^f^^ we obtain 



PiL = igr5^'\x-y) + ...) + 



^p'im 



;S^^\x-y) + ... 



that is, using Lieg we can map an r-KdV-CH system associated to a(A) to an r-KdV- 
CH system associated to ^^a(A). ■ 

6 Deformations of homogeneous Poisson pencils of 
hydrodynamic type 

Let us consider a deformation Pa of a homogenous Poisson pencil of hydrodynamic 
type Ux. We will call it homogenous if its central invariants are homogenous functions 
of the same degree D in the canonical coordinates: 



k=l 



As usual we can assume, without loss of generality, that the pencil Pa has the form 



PA = a;2 + 5^e2'=Pr)-Aa;„ 



k=l 
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(2) 

with P2 in standard form. In this case we know that 



-'2 ~ "tJi"a;2 I / ^ / 



d(u')ul\nuldx . 



X X 



Using the properties (11 .12^ and f ll.lSp and the identity 

Af ^ r 

Liee^ / c\u')ul.\nul.dx = {D + 1)'^ / d {u') ul In u^dx 

we obtain 

Lie^jPf ^ = [2{d -1) + D] Pf ) (6.1) 

Indeed we have 



c'(u^)ul\nul.dx 



diu'WAnuldx 



X X 



Lie£;P2^^^ = Lie Ed^^d^2 I J^ / 

d^^d^^UeE ^ / d{u')ul.\nul.dx I + (2c? - 3)d^^d^^ ^ / 

{D + 1 + 2d - 3)d^,d^, 1^2 f c\u')ui\nuidx] = [2(rf - 1) + D] pf \ 

The behaviour of the the flat pencil gx with respect to the Euler vector field has 
some consequences also on the form of the higher order deformations. We have the 
following theorem 

Theorem 11. A homogeneous P oiss on pencil P\ with homogeneous central invariants 
of degree D can he reduced by a Miura transformation to a Poisson pencil Q\ of the 
form 

CO 

Qa = W2 + J]e''Qf^-Au;i (6.2) 

fc=i 

with 

UqeQT'^ = [{k + l){d-l) + kD]Qf''\ k = l,2,... (6.3) 

Proof. We can prove the theorem by induction. Suppose that 

LiegPf '^ = [(A; + l)(rf - 1) + kD]P^^''\ k = l,...,N 
and that 

Lie£;Pf '^+') ^ [{N + 2){d-l) + {N+ l)D]Pf "^^'^ k = l,...,N 
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then we show that there exists a Miura transformation, canonical with respect to ui, 
reducing the pencil Px to the form 



Q, = u;, + J2e"'Q?''^-Xcoi 



k=l 



(6.4) 



with 



Lie£;Q('^+') = [{N + 2)(rf - 1) + (iV + l)D]Qf''^'\ 
We need to show that 

<(LiesPf^+'^-[(iV + 2)(rf-l) + (iV + l)D]pf^+')) = 
d^, flie^pf ^+'^ - [{N + 2)(rf - 1) + (iV + l)D]Pf '^+') 



(6.5) 



The first property follows immediately (I1.12p and from d^^-^Pr 



{2k) 



(which follows 



from the compatiblity of the pencil Pa), while the second one can be proved using 
the induction hypothesis. Indeed, taking into account that 



d P 



{2N+2) 



1 ^ 
A;=l 



p(2fc) j-,{2N+2-2k) 
-'2 ) -'2 



we obtain 



4. ( Lie^Pf '^+') - [{N + 2){d-l) + {N+ l)D]Pf ^+'^ 



Lie£;(iij2-f2 

N 



{2N+2) 



,(27V+2) 



(d - l)d^,Pr ' - [{N + 2){d-l) + {N+ l)D]d^,P^ 



{2N+2) 



^^Ue,Y.K\P'. 



,(2fc) p{2Af+2-2fc) 
2 



[{N + 3){d-l) + {N+ l)D]d^,Pi^''+^^ 



k=l 



N 



^[Lie^Pf\pr+'-''^) 



- [{N + 3)(d-l) + {N + l)D]rf^2^f "^^'^ 



fc=i 

N 



J2[ik + l){d-l) + kD] 



p(2fc) p(2Af+2-2fc) 
-'2 5 -'2 



[{N + 3)(rf - 1) + (iV + l)D]rf^2Pf ^+') 



fc=i 

,(2fc') p(2Ar+2-2fc')l 



Since [Pr ^ ^2^^ 



[P^. 



{2N+2-2k') r>{2k') 



Pg ], we can reorganize the sum in such a 



way that the terms with k = k' and k = N + 1 — k' have the same coefficient 

^ {[{k' + l){d-l) + k'D] + [{N + 2- k'){d - 1) + (AT + 1 - k')D]} = 
^[(N + 3)id-l) + iN + l)D], 
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independent on k'. The result is 

N 
- Y^lik + l)(rf - 1) + kD] [Pf '\ pj27V+2-2fc)j _ ^(^ + 3)(^ _ 1) + (^ + l)D]rf^,Pf ^+') 
fc=l 

[(iv + 3)(rf - 1) + (iv + m (-1 f: [pr\ pf ^^-^'=)] - d.,pnA = o. 

According to the results of Liu and Zhang there exists a vector field 

such that 

Lie^Pr^^) - [{N + 2){d-l) + {N + l)Z^]Pr+^) = d^.X^'^^'^ = d^,d^,K?''^'\ 

The Miura transformation generated by the vector field d^-^Kl^ reduces the pencil 

to the form uj2 + 'Ylk ^^^Q2 where 

gf) = pf^), k = l,...,N 

p{2N+2) _ p{2N+2) _ , , ^(2iV+2) 
-'2 ~ -'2 U-cJi "aJ2 -"■ 2 

Moreover the "new" pencil satisfies 

J. ^{2N+2) J. fjj{2N+2) , , j~^{2N+2)^ 

UeEQ2 = Lie£;(P2' -dco^d^^K^ ') = 

d^.d^.Ki^''^'^ + [{N + 2)id-l) + iN+ l)D]Pi'^+') - UeEd^.d^.ki'''^^^ = 

du^^d^M^^^^^ + {{N + 2)id-l) + {N+ l)D]pf "^^'^ + 



2 

(27V+2) ^ .^ , _ oA 7>(2W+2) _ ;^(27V+2) _ If at ^ 0\ f ^ _ ^ \ ^ ( M ^ ^\ n^ I?K2^+2) 



If the functional K2 satisfies the further condition 

Lie^i^f ^+'^ + {2d - 3)i^f ^+'^ - iff ^+') = [{N + 2){d-l) + {N+ l)D]K 

that is 

Lie^i^f ^+') - [N{d - 1) + (iV + 1)D + l]i^f ^+^) = j4^^+^) (6.6) 

then 

LieEg?'^+'^ = [{N + 2){d-l) + {N + l)D]g^''^+'^ 

as required. 

To conclude the proof we have to show that an equation of the form 

Lieiji^ + CK = K (6.7) 
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always admits solutions (for C = it has been proved in [I?]). In canonical coordi- 
nates (16.71) reads 



E 



,■ dk sr^ ■ dk 

S=\ (■5) 



dx 



kdx 



A solution can be found solving the equation 

n 

E 



j=i 



^dk \^ i dk 

s=l (*) 



9m* 



k 



(6.8) 



for the density of the functional K. The differential operator 

d 



E 



Ur 



acts on the single monomials of K multiplying them by the their degree as polinomials 
in the variables u]., u].^, . . . , ul., .... Notice that this is different from the degree they 
have as differential polinomials. In the last case deg(u*/ n) = s while in the former 
case deg{ul.) = 1. This means that the equation (16. 8p is equivalent to the quasilinear 
equations 



.dA 



E"^7d + ^^-^^ = ^^' E 



i=l 



du 



u 



i=l 



du'- 



~r CjijiJDjjYi ^JTi 



for the coefficients Ai, Bij, etc. of the homogenous differential polynomial 

k = AiUf^]\j-j + BijU^u,^_^-. + . . . . 

The constant Cj, c^m, . . . are equal to C plus the degree of the monomial containing 
Aj, Bjjn, and so on. For instance Cj = C + 1, Cjm = C + 2, etc. It is well known (see 
for instance [9] or [25]) that equations of this form admit n functional independent 
solutions. 

Indeed plugging-in m"^+^ = A and looking for solutions of 



i=l 



in implicit form: 
we obtain 



du^ 



0(m\...,m"+^) =cost 



E 



u 



du^ 



A(m\...,m")-cm 



n.+l 



=1 (9n"+i 
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that is 



n 






which is the quasihnear equation for the first integrals of the vector field 



i=l 



An interesting consequence of the previous Theorem is that the tensorial quanti- 
ties appearing in the e-expansion of the Poisson pencil have a well-defined degree of 
homogeneity with respect to E. This is detailed in the following: 

Corollary 12. The tensor fields A^n)k o' ^ = 2, 4, 6, . . . appearing in the leading terms 
of the e-expansion of the Poisson pencil (16.21) 

{2fc+l ^ 

Y^ Ag),,,(g, g., . . . , q^i))5^''^'^'\x - y) + . . . \ - \uj^ 
1=0 ) 

satisfy the homogeneity condition 

UeEA^2)2k,o = [{k + l)(rf - 1) + fcD]Ag)2fc,o' fc = 1, . . . , iV. (6.9) 

Here we identify the Euler vector field on the manifold with the corresponding vector 
field on the loop space. 

Proof: The proof is a direct consequence of the formula 

UeEQ:i = (6.10) 

Indeed, considering only the leading terms in the e-expansion equation (16. 3p reads 
Liei^Af,,,, ,5(2'=+^)(x ~y) + ...]= [{k+l){d-l) + kD] UL,,J^''-''\x -y) + .. 



'■{2)2k,0^ 



'■{2)2k,0 

(6.lf 



As an example, we check the homogeneity predictions of the previous Theorem 
in the case of non trivial bi-Hamiltonian deformations of the Poisson pencil u\ = 
UJ2 + XuJi = u6'{x — y) + \ux5{x — y) + X5'{x — y), up to order e^. We will need the 
following auxiliary formula 



a „, v^ ri\ „, d 



i=0 

and the following simple 



. ai = V( a*^^ , (6.12) 



28 



Lemma 13. The following identity holds 



d 



J2(^»j^{diu'^) = Ddiu^. (6.13) 



du 

Proof: By ( 16. 12^ we can write the left hand side of ( 16. 13^ as 

d 






u'> 



-e^ 



The non trivial bi-Hamiltonian deformations of ux up the e^ have been computed 
in [3] (extending previous results of |23]) providing the following result: 

Theorem 14. Up to Miura transformations, the deformations of the pencil uj\ = 
uS^^\x — y) + \u(i^5{x — y) — \5^^\x — y) can he reduced to the following form: 

Qx=uJx- e' {dl {C26^'\x - y)) + c,6^'\x - y) + {d.,c,)6^'\x - y)} 

{dt {c,5^'\x - y)) + c,5^'\x -y) + {d,c,)5^^\x - y)} 

{9^ {c,5^'\x - y)) + c,5^'\x -y) + id,c,)5^'\x - y)} 

+6^ {h6^^\x -y) + {d^h)6^^\x - y) + dl {h6^^\x - y))] 

+e' [dl {{dlg)5^'\x - y)) + 9. {{dlg)5^'\x - y)) + {dlg)5^''\x - y) + {dlg)5^'\x - y)} , 

(6.14) 

where C2{u) is the central invariant and c^ and Cq are related to C2 via the following 
equations: 

C4 = -|^(C2)^ (6.15) 



-e^ 



1 d f 2 ^C2 



^---2ru['^i)i^' '"^> 



while g is given by 



and h := hi + h2 + hs + h^ and the hi 's have the following expression in terms of the 
central invariant C2{u): 



97 fd'^C2Y , 8 {dc2\^ d'^C2 , 21 2<9% , 49 f &^C2\ dc2 

(6.18) 



2 \ ^' / '-' <-2 \ " / "-"-2 \ '-' <-2 ^-L 2 

60^^ V 'd^ ) ^ 3 V 9^ / 'dv? ^ 40 ^2 du^ ' 15 ^" V du^ I du 



^1 = ^xx Z7TC2 ITTT + o IT- ITTT + 77T Cs^TT + — C2 ( TTT 1 ^^ 



29 



/ 



M. 



254 



dC2 

du 



d^C2 , 17 , ,2 d^C2 176 



du^ ^ 5 



(C2) 



+ 



4018 

f^^C2 



\ 45 



9^C2\ (9^02 1684 d^C2dc2 



du^ J du^ 



+ 



C2 



9m6 ■ 3 
14512 fdc2 



d^C2V\ 



t^.T.T.T^.7 



3 2^^C2 



/i4 = U.r.r^i 



2 



10 
/l39 

To" 

V 



2 
3 



dc2 
du 



+ 



9C2 

du 

0^2 

du'^ 
259 



45 du^ du 



9^2 15 



+ 



C2 



178 
15" 

d^C2 

du^ 



dc2 
du 

dc2 

du 




gs 



C2 



21 od^C2\ 



+ 7^c: 



du^ 20 ^9m5 

9^C2\ 9^C2 



13 C2 



(6.21) 



(9^2 y du^ / 



Observe that the scalar pencil ux is automatically homogeneous with Euler vector 
field E = u-^. We want to check that the equation f l6.3p holds explicitly in this case 
for k = 1, 2, 3 with arbitrary D and with d = 0. In particular, formula (16. 3p gives in 
this specific case Lie£;Q2 = {kD — k — 1)Q2 ■ On the other hand, since by formula 
( 16301) 



LieEQ2 



s>0 



U 



du 



(s) 



2Q?\ 



to check directly (16. 3 p is equivalent to show 



s>0 



{s) 



i)Q 



(2fc) 
2 ) 



(6.22) 



where D is the degree of the central invariant C2 as a function of u. Now for C2 := u we 
have Q2 = d1 {u^5''^\x — y)) +u^ 8^^\x—y) + {dxU^)5'''^\x—y) and it is immediate to 

show that Es>o(^» 



ag'^' 



Sit 



(s) 



-0(^2 using the identity (I6.13p . This confirms equation 

fl6:22|) in the case fc = l'°' 

For the case /c = 2, we have (^2 

2Dm2Z)-i 



y). If C2 = u^, then C4 



one gets 



Qi'^ = dt (-2Dw2D-i^(i)^^ _ ^)) _2Dix2^"i5(^)( 



X- 



Again applying (I6.13P we see that Ylis>oi^x'^ 
(I622D with A; = 2. 



5q(*' 



du 



(a) 



y) + (f}.(-2D..2D-l))^(4)(^_^)_ 

= (2D — \)Q2 , which is exactly 



To check the homogeneity at e® is slightly more delicate. If C2 



u 



D 



then ce 



— |i5(3i5 — 1)m'^^ ^, and consequently for the component of Q2 given by (521 : = 
a^ (ce^^^Ha; - y)) + ce^^^Ha; - y) + (<9:,C6)5(^)(a; - v) we have 



E(^ 



dQfl 



s>0 



^""^Sm 



(«) 



(3/^ - 2)Qg, 
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which is fl6.22p for k = 3. Moreover, for the choice C2 = u^, the function g ap- 
pearing in (16.171) is equal to au^^~'^ + 6, where a is a suitable constant depending 
on D while 6 is a constant of integration. If we call Q22 •= '^x {{'^x9)^^'^\^ ~ v)) + 
dx [{dlg)6^^\x — y)) + {dlg)5^^\x — y) + {dlg)5^'^\x — y), again using (16.131) we find 






Finally we need to check the homogeneity of Q2 3 := h5^^\x — y) + {dxh)S^'^\x — y) + 
d"^ {h5^^\x — y)). Using the expressions for h written above we find h = au\,j.v?^~^ -[- 
I3u^u^^~^ + '^UxxxUxu'^^"'^ + puxxul.v?'^~^ , where a, /9, 7, p are constants depending on 
D. This boils down to prove that 

^(*"W = <'''-'"'• 

which is immediate. Thus we have verified explicitly formula (16. 3 p up to e^ for the 
non trivial bi-Hamiltonian deformations of the scalar pencil u\. 

7 Conclusions 

In this paper we have studied some general properties of deformations of exact or 
homogeneous Poisson pencils of hydrodynamic type. In particular, we focused our 
attention on those characteristics of the fully deformed pencils that are inherited from 
properties of the dispersionelss limit (like exactness and homogeneity) coupled with 
suitable conditions about the central invariants. 

In the case of exact Poisson pencil we proved that their deformations can be 
reduced to a suitable normal form via a Miura transformation. It turned out that 
each term of the deformation is annihilated by a sufficiently high power of the operator 
LiCg. As a byproduct of this result we showed that there exists a map between Poisson 
pencils with polynomial central invariants and Poisson pencil with constant central 
invariants having the same dispersionless limit. It would be interesting to extend this 
map to a wider class of central invariants and to provide different maps performing 
the inverse task, namely starting from a pencil with constant central invariants and 
providing as an output pencils with polynomial central invariants (not constants). In 
principle, it is much more difficult to construct this last class of maps. 

Using similar ideas we also constructed normal forms of deformations of homoge- 
neous Poisson pencil of hydrodynamic type having homogenous central invariants. In 
this case it turned out that each term of the deformation is a homogeneous bivector 
of specific degree. 
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As future investigations, it would be interesting to determine other characteristics 
of the fully deformed pencil that are controlled by the dispersionless limit. In partic- 
ular, one might ask if the requirement of the fulfillment of Virasoro constraints can 
be interpreted as a suitable property of dispersionless pencil. 
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